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Cancellation of dissipation anisotropy through a fine-tuning of the driving field
Principle of our method
For sake of clarity, we recall here the equations of the main text related to our approach. We consider an average spin S0 (t)
following the precession equation
dS0
= γ B0 × S0
dt

(1)

We seek to adjust the magnetic field in order to obtain the same average trajectory, up to a renormalization factor, for the motion
of an average spin S(t) in the presence of a linear dissipation term. The corresponding equation of motion takes the form
dS
= γ B×S−ΛS
dt

(2)

where we have noted B(t) = B0 (t) + b(t) the total magnetic field including a correction b(t) to be determined. One considers
the renormalized average spin S̃(t) = S(t) exp[F(t)]. By construction and by virtue of Eq.(2), the renormalized spin S̃(t) follows
the equation of motion
d S̃
= γ B0 × S̃ + Ḟ S̃ + γ b × S̃ − ΛS̃
dt

(3)

One chooses F(t) and a magnetic field b(t) such that, at all time t > 0:
Ḟ(t)S0 (t) + γ b(t) × S0 (t) = ΛS0 (t)

(4)

The existence of a real function Ḟ(t) and a vectorial function b(t) ensuring this condition follows from elementary linear
algebra considerations. Condition (4) determines the function F(t) up to a constant, and one may set
Z t

F(t) =
0

dt 0 S0 (t 0 ) · ΛS0 (t 0 ) .

(5)

in order to obtain S̃(0) = S0 (0). Thanks to the precession equation (2) and to the condition (4), the trajectory S0 (t) is also a
solution of Eq. (3). The functions S0 (t) and S̃(t) are indeed solutions of the same differential equation with the same initial
condition. They thus coincide at any time, so that S(t) = S0 (t) exp[−F(t)] for t ≥ 0.
The magnetic correction b(t) can be obtained from Eq. (4). It is convenient to introduce the spherical basis (Ŝ0 (t), ûθ (t), ûϕ (t))
and use the angular parametrization
Ŝ0 (t) = sin θ (t) cos ϕ(t)x + sin θ (t) sin ϕ(t)y + cos θ (t)z .

(6)

In the specific case where the dissipation tensor has a degenerate eigenvalue,
Λ = Γ⊥ (x̂x̂ + ŷŷ) + Γz ẑẑ

(7)

the magnetic field correction yields
b(t) =

Γz − Γ⊥
sin 2θ (t) ûϕ (t)
2γ

(8)

This example captures in particular many relevant experimental situations where dissipation is mostly transverse.
Energy considerations
We obtain here the energy overhead associated to the magnetic field correction for a simple π pulse. Following the discussion
of the main text, we seek to realize a spin inversion such that at the final time T
||S(T )||/||S(0)|| ≥ 1 − ε

(9)

for a given ε > 0 in a system presenting a purely transverse linear dissipation Λ of the form (7) with Γz = 0. The total time T is
a priori a free parameter.
Without loss of generality, we consider a trajectory Ŝ0 (t) parametrized by θ (t) = πt/T e ϕ(t) = 0. In a dissipationless
system, this trajectory can be induced by a constant magnetic field B0 = π(γT )−1 ŷ. The average spin orientation Ŝ0 (t) can be
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maintained in the dissipative system thanks to a total magnetic field B(t) = B0 + b(t) involving the correction b(t) determined
by our method in Eq. (8).
The damping of the spin norm is unaffected by the magnetic field correction. It is captured by the renormalization
function (5). The considered trajectory S0 (t) and the transverse dissipation tensor Λ yield F(T ) = Γ⊥ T /2. The constraint (9)
may thus be rewritten as an upper bound for the duration of the spin inversion:
T ≤ −2Γ−1
⊥ ln(1 − ε)

(10)

The energy E = 21 0T dt||B(t)||2 associated to the total magnetic field reads E = Eπ + ∆Eπ where Eπ = 12 B20 T = π 2 /(2γ 2 T )
R
and ∆Eπ = 12 0T dt||b(t)||2 = Γ2⊥ T /(16γ 2 ) are the respective contributions of the constant magnetic field and of the magnetic
√
field correction. The time minimizing the total energy Topt = 8πΓ−1
⊥ is always larger than the lower bound (10), except for
extremely inaccurate spin inversion ε & 0.99 of little physical interest. The minimal energy of a corrected π-pulse is thus
obtained by saturating the bound (10), yielding the contributions Eπ = −π 2 γ −2 Γ⊥ /[4 ln(1 − ε)] and ∆Eπ = − 18 γ −2 Γ⊥ ln(1 − ε)
mentioned in the article.
R

Application to fast population transfer
Fast Stimulated Raman Adiabatic Passage
We provide here some additional details on the implementation of our method for the fast STIRAP protocol introduced by Chen
and Muga in the absence of dissipation1 .
The system quantum state |ψ(t)i = C1 (t)|1i + C2 (t)|2i + C3 (t)|3i follows a Schrödinger equation involving a control
Hamiltonian Ĥ0 (t) = h̄2 [Ω p (t)|1ih2| + Ωs (t)|2ih3|] + h.c. accounting for the interaction with the laser fields . In contrast
with Ref.1 , we also take into account a non-Hermitian Hamiltonian ĤΓ = −ih̄Γ|2ih2| to model the dissipation suffered
by the intermediate state |2i. The corresponding equation boils down to a precession equation (2) for an effective spin
S(t) = −C3 (t)x̂ − iC2 (t)ŷ +C1 (t)ẑ interacting with an effective magnetic field
1
B(t) = [Ω p (t)x̂ + Ωs (t)ẑ]
2

(11)

and subject to a dissipation tensor Λ = Γ ŷŷ.
In the reverse engineering of Ref.1 , the system quantum state is maintained in a given eigenstate |ψ0 (t)i of a dynamical
Lewis-Riesenfeld invariant. This eigenstate, parametrized as |ψ0 (t)i = cos γ(t) cos β (t)|1i − i sin γ(t)|2i − cos γ(t) sin β (t)|3i,
follows a well-defined trajectory. This yields a prescribed trajectory for the associated effective spin S0 (t) = cos γ(t) sin β (t)x̂ −
sin γ(t)ŷ + cos γ(t) cos β (t)ẑ in the dissipationless system.
We have chosen the trajectory S0 (t) that corresponds to the second quantum protocol of Ref.1 . The angular functions
β (t) and γ(t) must satisfy a set of boundary conditions at the initial and final times in order to fulfill the requirements of the
Lewis-Riesenfeld invariant method. Other boundary conditions are specific of this protocol and related to the cancellation
of the pump and Stokes laser fields at the initial and final times. A last condition on the angle γ(t) at the middle time T /2
determines the maximum population of the intermediate state |2i. The boundary conditions are
γ(0) = ε, γ̇(0) = 0, γ(T ) = ε, γ̇(T ) = 0
β (0) = 0, β (T ) = π/2
β̇ (0) = 0, β̇ (T ) = 0, γ(T /2) = δ

(12)

In this fast STIRAP protocol, the maximum population of the intermediate state |2i during the process corresponds to
p2 = |h2|ψ(T /2)i|2 = sin2 δ . We choose a value of δ = π/4 yielding p2 = 1/2. This fast STIRAP protocol differs in this
respect from the common and slow STIRAP, in which the intermediate state is not significantly populated. We determine the
angular functions β (t), γ(t) as the least-order polynomials in time satisfying the conditions above.
We now apply our procedure to restore the spin trajectory S0 (t) despite the dissipative process acting on the intermediate
state. For this purpose, it is convenient to introduce the instantaneous orthonormal basis (S0 (t), v1 (t), v2 (t)) with the vectors
v1 (t) and v2 (t) defined as v1 (t) = sin γ(t) sin β (t)x̂ + cos γ(t)ŷ + sin γ(t) cos β (t)ẑ and v2 (t) = − cos β (t)x̂ + sin β (t)ẑ. One
may take the effective magnetic field correction as orthogonal to the instantaneous effective spin, so that one can set b(t) =
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b1 (t)v1 (t) + b2 (t)v2 (t). Using Eq. (4) together with Λ = Γ ŷŷ, one obtains the time-dependent coefficients b1 (t) = 0 and
b2 (t) = 21 Γ sin 2γ(t). Using the definition (11) of the effective magnetic field, one obtains the corresponding corrections for
the laser pulses δ Ω p (t) = −Γ sin 2γ(t) cos β (t) and δ Ωs (t) = Γ sin 2γ(t) sin β (t). Figure 1 compares the performances of the
uncorrected and corrected fast STIRAP protocols. It shows the persistence of a finite overlap between the final state and the
quantum states |1i, |2i for the uncorrected protocol. This overlap is completely canceled thanks to our procedure.
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Figure 1. Fraction of the quantum state |ψ(t)i in the quantum state |3i defined as p̂(t) = |h3|ψ(t)i|2 /|hψ(t)|ψ(t)i|2 for the
corrected (solid line) and uncorrected (dashed line) STIRAP protocols as a function of time. We have taken ε = 0.05, δ = π/4
and Γ T =1.0 as in the main text. The horizontal dotted line helps the eye.

Preservation of the robustness to noise
We consider here the density matrix ρ̂(t) of a two-level atomic system with a laser field in the laser-adapted interaction picture.
This interaction can be captured through the Hamiltonian


h̄
−∆(t)
ΩR (t) − iΩI (t)
Ĥ0 (t) =
(13)
∆(t)
2 ΩR (t) + iΩI (t)
with a complex Rabi frequency Ω(t) = ΩR (t) + iΩI (t) implemented by two different laser fields. As in Ref.2 , we assume
the presence of independent amplitude noise components in the Rabi frequencies ΩR (t), ΩI (t). This results in the stochastic
Schrödinger equation
ih̄

i
d|ψ(t)i h
= Ĥ0 (t) + λ Ĥ2R (t) η1 (t) + Ĥ2I (t) η2 (t) |ψ(t)i
dt

(14)

with delta-correlated independent stochastic functions ηi (t) for i = 1, 2 such that hηi (t)i = 0 and hηi (t)η j (t 0 )i = δi j δ (t − t 0 ).
The Hamiltonians Ĥ2R and Ĥ2I correspond respectively to Ĥ2R (t) = h̄2 ΩR (t)σ̂x and Ĥ2I (t) = h̄2 ΩI (t)σ̂y with the 2 × 2 Pauli
−̂
matrices →
σ . The averaged (in the stochastic sense) density matrix follows a master equation containingh noise-induced
dissipative
→
−i
terms, which boils down to a precession equation of the form (2) for the Bloch vector S(t) = Tr ρ̂(t) σ̂ representing the
averaged density matrix ρ̂(t). The effective magnetic field driving the precession is B(t) = ΩR (t)x̂ + ΩI (t)ŷ + ∆(t)ẑ, while the
dissipation tensor accounting for the laser amplitude noise yields ΛLaser (t) = 21 λ 2 [Ω2I (t)x̂x̂ + Ω2R (t)ŷŷ + (Ω2I (t) + Ω2R (t))ẑẑ].
Optimal shortcuts with respect to this noise have been obtained2 . We consider an optimal shortcut respect with respect to
1
noise optimization2 , corresponding to the Bloch vector trajectory in spherical coordinates θ (t) = πt/T − 12
sin(2πt/T ) and
ϕ(t) = π/4. We assume the presence of an additional transverse dissipation Λ given by Eq. (7) with Γz = 0, and consider the
associated magnetic field correction (8). Finally, we perform numerical simulations of the Bloch equation
dS
= γ (B0 + b) × S − (ΛLaser + Λ) S
dt

(15)

capturing the effect of the magnetic field correction in the presence of the laser noise and of the transverse dissipation. The
results are sketched on Fig. 2 of the main text for a laser noise strength corresponding to λ = 1.
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Application to the fast generation of entangled states
The two-spin quantum state is driven by a spin-field interaction captured by the Hamiltonian ĤB = −γ(Ŝ1 + Ŝ2 ) · B(t), by an
(dd)
Ising potential V̂int = (4ξ /h̄) Ŝ1z Ŝ2z that accounts for the anisotropic coupling between the spins and the non-Hermitian
Hamiltonian ĤΓ = −i Γ|++i |++ih++| − i Γ|Belli |BellihBell| that models the dissipation. This quantum state, which may be
decomposed on the stable subspace {|++i, |Belli, |−−i} as |ψ(t)i = a(t)|++i + b(t)|Belli + c(t)|−−i, follows a Schrödinger
equation which can be put in dimensionless form as:
√

a(γBz + h̄−1 ξ − iΓ|++i ) + bB− /√2
 iȧ =
√
(16)
/ 2
iḃ = aB+ / 2 − b(h̄−1 ξ +
√ iΓ|Belli ) + cB−−1

iċ =
bB+ / 2 + c(−Bz + h̄ ξ )
with B± = Bx ± iBy . We follow the shortcut to adiabaticity procedure of Ref.3–5 . As discussed in the main text, in order to
design the shortcut and the associated correction of dissipation effects, we treat the two interacting spins as a 2D quantum
system evolving in the subspace {|++i, |Belli}. The validity of this approach will be checked a posteriori by performing a
numerical simulation of the Schrödinger equation on the full Hilbert space.


The shortcut is implemented with a transverse rotating field B⊥ (t) = B(t)Re (x̂ + iŷ)eiωt and a time-dependent longitudinal
magnetic component Bz (t). Switching to the interaction picture, one obtains the Hamiltonian
√


h̄
2γB(t)
√ ∆(t)
ĤI (t) =
(17)
2γB(t)
−∆(t)
2
with an effective detuning ∆(t) = γBz (t) − ω + 2ξ /h̄. One first obtains a time-dependent Lewis-Riesenfeld invariant of the
ˆ = u(t) · σ . The time-dependent vector u(t) satisfies boundary conditions such that the system quantum state |ψ(t)i
form I(t)
is equal at all times (up to a global phase) to the invariant eigenvector |φ+ (t)i = cos(θ (t)/2)eiϕ(t) | + +i + sin(θ (t)/2)|Belli.
This quantum state can be represented by a Bloch vector S0 (t) parametrized as in (6) by the angular functions (θ (t), −ϕ(t)).
We now consider the influence of the dissipation on the evolution of the 2 × 2 density-matrix ρ̂(t) = |ψ(t)ihψ(t)|, resulting
from the Hermitian Hamitonian ĤI (t) (17) and from the anti-Hermitian Hamiltonian ĤΓ (t):
ih̄

d ρ̂(t)
= [ρ̂(t), ĤI (t)] + {ρ̂(t), ĤΓ (t)}
dt

(18)
σ̂

where we have introduced the anticommutator {, }. The density matrix is decomposed as ρ̂ = S0 1̂2 + ∑ j=x,y,z S j 2j , as well
as the hermitian Hamiltonian ĤI = h̄2 ∑ j=x,y,z B j σ̂ j and the anti-hermitian Hamiltonian ĤΓ = − ih̄2 (Λ0 1̂ + ∑ j=x,y,z Λ j σ̂ j ). The
→
−
effective magnetic field B(t) is expressed as a function of the control parameters as
√
→
−
(19)
B(t) = 2γB(t)x̂ + ∆(t)ẑ
and the dissipation four-vector Λ corresponds to
Λ0 = Γ|++i + Γ|Belli ,

Λx = Λy = 0,

Using the SU(2) algebra relations
hσ σ i
σk
j
i
,
=
∑ εi jk 2
2 2
(i, j)∈{x,y,z}2

and

{

Λz = Γ|++i − Γ|Belli

σj
σi σ j
, } = δi j
2 2
2

(20)

(21)

(with the antisymmetric tensor εi jk such that εxyz = 1) into the equation of motion (18), one obtains the set of coupled differential
equations:
Ṡ0 =

Λ jS j

(22)

→
−
→
−
Ṡ = B × S − Λ0 S − S0 Λ

(23)

∑
j=(x,y,z)

The non-hermiticity of the Hamiltonian implies that the quantity S0 (t) = Tr[ρ̂(t)] is no longer a constant of motion. Nevertheless,
in a perturbative treatment of dissipation effects, one may take S0 (t) = S0 (0) = 1 to leading order. The magnetic field correction
b(t) should fulfill a condition analogous to Eq. (4)

→
−
b × S0 (t) − Λ × S0 (t) = 0
(24)
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where S0 (t) is the dissipationless solution. Consistently with our leading order treatment of the dissipation effects, one may
determine the field correction by taking ||S(t)|| = 1.
We write again the magnetic field correction b(t) in the spherical basis (S0 (t), uθ (t), uϕ (t)) as b(t) = bS0 (t)S0 (t) +
bθ (t)uθ (t)+bϕ (t)uϕ (t). Note that with the considered angles (θ (t), −ϕ(t)), one has uθ (t) = cos θ (t) cos ϕ(t)x−cos θ (t) sin ϕ(t)y−
sin θ (t)z and uϕ (t) = sin ϕ(t)x + cos ϕ(t)y.
→
−
Condition (24) determines bθ (t) = 0 and bϕ (t) = uθ (t) · Λ = −Λz sin θ (t). By virtue of Eq. (19), one may only implement
→
−
→
−
magnetic fields B(t) such that B(t) · ŷ = 0. This additional constraint fixes bS0 (t) = −Λz cos ϕ(t)/ sin ϕ(t), yielding the
following correction for the transverse and longitudinal magnetic field components:


Γ|++i − Γ|Belli
1
√
γδ B(t) = −
sin θ (t) sin ϕ(t) 1 + 2
tan ϕ(t)
2
cos θ (t)
2ξ
γδ Bz (t) = (Γ|++i − Γ|Belli )
+ω −
(25)
tan ϕ(t)
h̄

For the numerical simulations of the full Schrödinger equation, we have considered the following shortcut involving the
time-dependent magnetic field4, 5
θ̇ (t)
γB(t) = √
2 sin ϕ(t)

γBz (t) = −ϕ̇0 (t) +

2ξ
θ̇0 (t)
+ω −
tan θ (t) tan ϕ(t)
h̄

(26)

with angular functions satisfying adequate boundary conditions in order to avoid divergent fields
θ (t) = −3π

 t 2
T

+ 2π

 t 3
T

ϕ(t) = −π/2 − π

t 
T

+ 5π

 t 2
T

− 8π

 t 3
T

+ 4π

 t 4
T

(27)

We have taken ωT = 2. The magnetic field correction is obtained directly from Eq. (25).
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