PHYSICAL REVIEW A 82, 043420 (2010)

Cold-atom dynamics in crossed-laser-beam waveguides
E. Torrontegui,1 J. Echanobe,2 A. Ruschhaupt,3 D. Guéry-Odelin,4 and J. G. Muga1
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We study the dynamics of neutral cold atoms in an L-shaped crossed-beam optical waveguide formed by two
perpendicular red-detuned lasers of different intensities and a blue-detuned laser at the corner. The motion in
one sense is optimized, and the motion in the other sense may be suppressed even if it is energetically allowed.
Quantum and classical simulations are performed and give similar results. Complemented with a vibrational
cooling process we find a range of parameters for which this setting works as a one-way device or “atom diode.”
DOI: 10.1103/PhysRevA.82.043420

PACS number(s): 37.10.Gh, 37.10.Vz, 03.75.−b

I. INTRODUCTION

Controlling the microscopic motion of atoms in gas phase
is one of the main goals of atomic physics and atom optics for
fundamental studies and for applications such as metrology,
precise spectroscopy, the atom laser, or quantum information.
Different control objectives have been achieved with optical
and/or magnetic fields during the last two decades. The
phase-space domain of the atom can be restricted by different
traps, and the location manipulated by optical tweezers. The
modulus of the velocity and its spread have been controlled
as well by several stopping or cooling techniques, and its
direction by magnetic waveguides combined into atom chips
and integrated circuits [1], or by optical waveguides [2–5].
The implementation of complex geometries for atom transport
is a challenging objective that may open the way to new
interferometers and integrated quantum information processing [1]. In particular, waveguide bends are basic elements
that have been investigated experimentally and theoretically
[6–10].
Aside from modulus and direction, the control of the
remaining element of the atom velocity as a vector, its sense
or orientation (say to the right or left for a given direction),
has been undertaken much more recently with theoretical
proposals and experimental prototypes of atomic one-way
barriers or “atom diodes” [11–20,23–25]. They are analogous
to a semipermeable membrane or a valve, which let the atoms
cross it one way (forward) and block their passage in the other
one (backward). A conceptual precedent is the automated
demon conceived long ago by Maxwell to achieve a differential
of pressure between two parts of a vessel and demonstrate the
statistical character of entropy [14]. Maxwell only specified
the demon’s action, not its inner workings, whereas more
than a century later we are beginning to design and realize
such devices. Applications that have motivated so far this
research are the possibility to cool species without cyclic
transitions [16,24], the construction of trapdoors [21–23], or
flow control in atomic chips and circuits [11]. The existing
methods are essentially one-dimensional (the controlled sense
corresponds to a longitudinal or a radial velocity). A basic
scheme consists of setting a barrier in one atomic level (e.g.,
the ground one). On one side of the barrier, say the left, the
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atom is excited adiabatically so as to avoid the ground-state
barrier. Adiabaticity is useful to make the transfer efficient and
velocity independent in a broad range and to avoid the passage
from the higher to lower level for atoms that approach the diode
from the left [12]. On the other side of the barrier the excited
state is forced to decay so that an atom coming from the right
is reflected by the barrier. One possible variant is to substitute
the adiabatic step by optical pumping, which is also velocity
independent in a broad range and precludes forced deexcitation
on the wrong side. An irreversible step, which ideally may be
reduced to the emission of one photon, is essential to break
time-reversal invariance, a necessary condition to realize a
true one-way barrier. Any atom diode has of course certain
limitations with respect to velocity working range, efficiency,
width of the structure, or species and states that can be
treated. For example, in a two-laser, optical prototype for
rubidium [20,25], the barrier produced some undesired heating
because the internal hyperfine structure used does not allow
for a sufficiently large detuning; the use of magnetic sublevels
may avoid this effect but at the price of losing many atoms
because of the branching ratios during optical pumping [16].
While these limitations may or not be relevant depending on
the intended application, it is desirable to investigate other
mechanisms, surely subjected to different constraints.
In this paper we investigate two aspects of cold atom guiding and their possible combination into a single device: bends
in L-shaped asymmetric guides and one-way motion. Most
previous studies of bent waveguides have focused on magnetic
implementations and symmetrical arms [6,8–10]; X-shaped
optical waveguides have been investigated as beam splitters
for interferometry [2,26,27]. An experimental realization of an
X-shaped asymmetrical beam splitter, with different potential
depths in the two guides, has been also carried out [28]. We
shall study here an optical, asymmetric realization of an Lshaped bend and determine the transfer between longitudinal,
gap, and transverse energies. In Sec. II, we will explain our
model in detail. The forward motion (H → L in Fig. 1) will
be examined and optimized in Sec. III. The backward motion
(L → H in Fig. 1) will be studied in Sec. IV. In addition,
in Sec. V, we show that when combined with vibrational
cooling, the L-shaped guide provides a two-dimensional (2D)
mechanism for one-way motion.
©2010 The American Physical Society
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FIG. 1. (Color online) Scheme of the potential created by a bluedetuned and two red-detuned lasers. U # = 0.474 µK.
II. SIMPLE OPTICAL WAVEGUIDE MODEL

(w and w # are the waists.) This is reasonable within the
Rayleigh length. It is as well a simplified treatment for combined magneto-optic waveguides [3] in which the longitudinal
potential dependence is essentially suppressed by cancellation
between a repulsive magnetic potential and an attractive optical
potential. Note that the assumed asymmetry in intensities
creates “higher” and “lower” valleys in the potential energy
surface.1
A third laser, detuned to the blue, forms a barrier to redirect
the atoms from the higher to the lower valleys blocking the
passage to the red detuned arms along the positive-x and
positive-y semiaxes. This laser is displaced slightly away from
the coordinate origin and it is rotated an angle θ clockwise with
respect to the y axis; more on this below. The corresponding
potential is
2

Ũb (x,y) = Ub e−2[(x−x0 ) cos θ+(y−y0 ) sin θ]

/wb2

.

(3)

We shall study the atom dynamics with quantum approaches
based on wave packets and stationary methods. Classical
trajectories will also be used, as they provide a rather accurate
description—in particular when an average over the transverse
phase is performed—in a much shorter computation time.
For a given incident longitudinal energy and vibrational state
we do not perform “Ehrenfest” (one trajectory) classical
simulations [10], but ensemble averages over all possible
phases of transverse motion to avoid the sensitivity of classical
trajectories with respect to the phase and better mimic the
quantum results. The details are given in Appendix A.
We assume that there is no significant interference among
(1)
the three beams so their potentials simply add up. This may
(2) be achieved, for example, by orthogonal polarizations of the
red-detuned lasers and/or different detunings that cause a fast
time-dependent interference that averages out in the scale of
the atomic motion [29].
In wave-packet computations (see Appendix B for numerical details), we assume that the wave function of the initial
state factorizes into longitudinal and transversal functions,

The proposed device consists of three horizontal Gaussian
laser beams (see Fig. 1 and also Fig. 2). Two of them are
detuned to the red with respect to a transition between the
atomic levels g,e and play the role of waveguides for the
ground-state atoms along the x and y axes. We shall perform
2D simulations corresponding to a tight confinement in the z
(vertical) direction, ignored hereafter, by an optical lattice. We
have simplified the corresponding potentials by neglecting the
dependence on the longitudinal coordinate,
Ũ (x,y) = −U e−2y
#

2

/w 2

# −2x 2 /w #2

Ũ (x,y) = −U e

U > 0,
#

U > U,

higher valley (H ),
lower valley (L),

#(x,y,0) = ψ(x,0) ⊗ %(y,0).

(4)

For atoms incident in the higher channel the initial transverse
wave function %(y,0) will be the ground state of the Gaussian
potential, Eq. (1), which is calculated numerically by diagonalization of the Hamiltonian. In the longitudinal direction we
choose a minimal uncertainty-product Gaussian,
1
−(x−xi )2 /4σx2 ipi x/h̄
e
,
ψ(x,0) = !
"1/4 e
2π σx2

FIG. 2. (Color online) Potential contour maps Ũ /U # ; compare to
Fig. 1. Representative trajectories (in white) for an atom incident in
the higher (H ) valley for different wall positions. (a) x0 = y0 = 0,
the barrier (B) blocks the atom passage from the higher (H ) to the
lower (L) valleys; (b) x0 = y0 = 5 µm, the barrier is too far and a
well is formed where the two valleys cross; (c) x0 = y0 = 3 µm, the
barrier is at the right distance so there is no well and no blocking.
Laser parameters: U = 0.158 µK; U # = 0.474 µK; Ub = 0.948 µK;
w = w# = wb = 5.7 µm; and θ = 45◦ . The three-dimensional (3D)
plot of Fig. 1 corresponds to case (c).

(5)

where σx is the width of the wave packet and xi and pi the initial
average longitudinal position and momentum, respectively.
For atoms incident from the lower channel a corresponding
approach is used interchanging x and y.

1

“Higher” and “lower” refer to the energy, not to a relative spatial
height. Quantities such as energies, velocities, or momenta associated
with the higher (lower) valley will be unprimed (primed).
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III. FORWARD MOTION: PASSAGE FROM THE
HIGHER TO THE LOWER VALLEY

We shall discuss first the main factors that determine the
passage of atoms from the higher valley, incident in the ground
vibrational state, to the lower valley (i.e., H → L in Fig. 1).
All calculations are done for the mass of 87 Rb atoms.
The barrier position. If the barrier is too far from the
crossing point of the waveguides, a well is formed due to
the addition of the higher and lower valley potentials, Eqs. (1)
and (2); see Fig. 2(b). This well allows for long-lived chaotic
(classical) trajectories and favors energy transfer among the
degrees of freedom as well as reflection back into the higher
valley. Displacing the blue-detuned laser nearer to the origin
the well is filled and the chaotic behavior and reflection are
avoided. The wall should not be too close to the crossing
though, as it would obstruct the higher valley and thus the atom
passage, as in Fig. 2(a). Between the two extremes there is a
range of distances for which the well is suppressed without
obstructing the higher valley [see Fig. 2(c)]. Representative
classical trajectories for the three cases are depicted in Fig. 2.
Barrier angle. Remarkably, the probability to pass from
the higher to the lower valley shows a stable full-transmission
plateau for a broad range of barrier angles θ . This is shown
in Fig. 3 for wave-packet and classical trajectory calculations.
There is a very good coincidence between the two calculations,
as there are no quantum interference or resonance effects
playing a role. The optimal choice of angle depends on its
effect on energy transfer among longitudinal and transverse
degrees of freedom, as discussed next.
Vibrational excitation. If the atom passes to the lower valley,
the asymmetric potential configuration favors its vibrational
excitation (or “transverse heating”). For a transition from the
ground state of the higher valley (n = 0) to the n# vibrational
state of the lower valley (0 → n# for short) conservation of
energy, measured from the bottom of the lower valley, takes
the form
E = K + V0 + ( = K # + Vn# ,

(6)

FIG. 4. (Color online) Atom incident in the higher valley (H ):
Average final vibrational energy versus initial kinetic energy for
different crossed-beam setups computed with classical trajectories.
The dashed line is a quantum calculation (for monochromatic incident
energy) showing good agreement with the classical one. Solid line,
K = &V # '. Laser parameters, w = w# = 1.03 µm; wb = 0.77 µm;
x0 = y0 = 0.41 µm; U = 0.4 mK; and Ub = 5.2 mK (diamonds).
Rest of cases: w = w# = wb = 5.7 µm; x0 = y0 = 3 µm; U = 0.158
µK, Ub = 0.948 µK (squares, triangles, and stars), and Ub = 1.9 µK
(circles). The lines end when the transmission probability is no longer
one. This full-transmission range increases with the angle and the
depth of the lower valley.

where ( = U # − U is the gap between valleys, K,K # are
the higher and lower kinetic energies, and V0 ,Vn# the corresponding vibrational energies (measured from the bottom
of each valley). Figure 4 shows the (lower valley) average
vibrational energy &V # ' versus the incident K for several cases.
Even for K ≈ 0 the process is highly nonadiabatic [a simple
one-dimensional (1D) adiabatic treatment as in [7] is therefore
not valid here], and a significant fraction of the potential energy
gap is converted into vibrational energy. As K increases, the
trajectories penetrate more on the reflecting blue wall so that
the outgoing trajectories are further away from the bottom of
the lower valley and vibrational excitation increases. The average &V # ' is essentially linear in K, at variance with a quadratic
dependence found for circular bends [6]. At the bottom of the
lower valley the kinetic energy of a classical trajectory equals
the total energy K + ( + V0 (measured from the bottom of the
lower valley). It may be split into x and y components taking
into account the angle α of the velocity with the y axis. The
x component is the final vibrational energy and it takes the form
V # = E sin2 (α) = (( + V0 ) sin2 (α) + K sin2 (α),

FIG. 3. (Color online) Atom incident in the higher valley (H ):
Classical and quantum probability to find the atom finally in the
lower valley (L) for different rotation angles of the blue-detuned
laser. Wave-packet parameters: σx = 2 µm; xi = −15.88 µm; vi =
pi /m = 0.41 cm/s. (For the classical calculation we average the
fixed-energy probabilities with the momentum distribution of the
longitudinal Gaussian.) Laser parameters: U = 0.158 µK; U # =
0.474 µK; Ub = 0.948 µK; w = w# = wb = 5.7 µm; and x0 =
y0 = 3 µm.

(7)

but α is roughly constant for a given set of potential parameters
because of the relative flatness of the impact region at the
waveguide corner. This region results from the combination
of the dominant lower valley and barrier potentials.
Most lines in Fig. 4 are for classical-trajectory computations
but we have also checked the good agreement with a fully
quantum calculation in one case. To do so we have extracted
the quantum, stationary (fixed energy) state-to-state transition
probabilities 0 → n# , (qn# /p)|T0n# (p)|2 , from wave-packet
calculations as explained in Appendix B. Here, qn# is the
longitudinal momentum in the lower valley for the vibrational
state n# and T0n# (p) the transmission
amplitude for incident
√
longitudinal momentum p = 2mK. In Fig. 5 we show the
dependence of the quantum transmission probabilities versus
the initial velocity. Note again, now in more detail, the increase
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FIG. 5. (Color online) Atom incident in the higher valley (H ).
The quantum transmission probabilities obtained from Eq. (B9)
for different vibrational levels of the lower guide versus the initial
velocity. Laser parameters, U = 0.158 µK; U # = 0.474 µK; Ub =
0.948 µK; w = w# = wb = 5.7 µm; x0 = y0 = 3 µm; and θ = 45◦ .

of vibrational excitation with p. For sufficiently large energy
this leads to escape from the trap.
Figure 6(a) shows the total transmission probability PT =
#N # qn#
2
◦
#
n# =0 p |T0n# (p)| versus initial velocity for θ = 45 , N
being the maximal vibrational number in the lower valley.
Note the good agreement between the quantum and classical
calculations. PT is very stable, and only decays from one due to
escape from the waveguide caused by the increasing transverse
heating. In principle the energy threshold for escape is, from
conservation of energy, K + V0 + ( >U # [solid vertical line
on Fig. 6(a)], but the effective threshold occurs at higher
energies, when &V # ' ≈ U # , since the available initial total
energy is transferred only partly into vibrational energy &V # ';
a sign of the escape is the coincidence of decay of PT with
the population of the highest vibrational level (N # = 40 for
the chosen parameters). The velocity range for full forward
transmission may be increased at will, according to Eq. (7), by
increasing the gap (; an example is shown below.
A second effect that may spoil the forward passage is the
possibility to overcome the barrier when K + V0 > Ub (we
neglect here the lower valley potential). This threshold is
higher than the former, and is marked by a vertical dotted
line in Figs. 6(a) and 7(a).
IV. OBSTRUCTED PASSAGE FROM THE
LOWER TO THE HIGHER VALLEY

The potential asymmetry causes an asymmetry in the
dynamics since, in general, for the same total energy, the
probabilities P0# →n (E) and P0→n# (E) are quite different. This is
compatible with time-reversal invariance, which implies only
the equality for probabilities of a process and the time-reversed
one. Pn→n# (E) = Pn# →n (E) holds as long as no irreversible
step takes place (that case will be considered in the following
section). The nature of the stated asymmetry can be understood
from the potential contour in Fig. 2(c), or the 3D plot in
Fig. 1. An important result is that even when the passage
n# = 0 → n = 0 (0# → 0 for short) is energetically allowed,
a vibrationally unexcited atom does not find easily the lateral
gate to the higher valley so, for a range of energies above
the energy threshold, the atom is still reflected into the lower
valley. This may be seen in Figs. 6(b) and 7(b), where the

FIG. 6. (Color online) (a) Atom incident in the n = 0 vibrational
level of the higher valley (H ). Classical and quantum probabilities to
find the atom finally in the lower valley versus the initial longitudinal
velocity. The vertical lines are the energy thresholds to escape from
the guides (solid) and overcome the barrier (dotted). (b) Atom
incidents in the n# = 0 vibrational state of the lower valley (L).
Classical probability to find the atom reflected in the lower valley
versus the initial velocity (vn# = qn# /m). Vertical lines mark the
energy thresholds to pass to the higher valley (dashed), escape from
the guides (solid), and overcome the barrier (dotted). (c) Combination
of (a) and (b). Blue circles, transmission probability P = PT versus
the total energy (measured from the bottom of the lower valley); the
atom starts in the higher valley. Red triangles, P = 1 − PR versus the
total energy of the sample; the atom starts in the n# = 0 vibrational
level of the lower valley. Dashed arrow, indicates the total energy
that remains for backward motion after the (perfect) vibrational
cooling process. Laser parameters, U = 0.158 µK; U # = 0.474 µK;
Ub = 0.948 µK; w = w# = wb = 5.7 µm; x0 = y0 = 3 µm; and
θ = 45◦ .

reflection probability is shown for states beginning in the
fundamental vibrational state n# = 0 of the lower valley for
θ = 45◦ [Fig. 6(b)] and θ = 60◦ [Fig. 7(b)]. The energy
threshold to pass to the higher valley given by

043420-4
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FIG. 7. (Color online) (a)–(c) Same as in Fig. 6 for a different
laser configuration. Laser parameters, U = 0.4 mK; U # = 2.8 mK;
Ub = 5.2 mK; w = w# = 1.03 µm; wb = 0.77 µm; x0 = y0 =
0.41 µm; and θ = 60◦ .

is shown as dashed vertical lines. The dynamical reflection
is enhanced by increasing the angle θ so that the backward
collision is more head-on, but increasing it too much may
obstruct the passage in the forward direction at low velocities.
Above the energies for which the atoms incident from the
lower valley are fully reflected, they may escape from the
guides, when Vn# + K # > U # , or surmount the potential barrier
when Vn# + K # > Ub (in this inequality we neglect the small
effect of the higher valley potential). The corresponding energy
thresholds for these processes are marked by solid and dotted
lines in Figs. 6(b) and 7(b) but, as for forward motion, the
effective thresholds occur at higher velocities.
V. DIODE EFFECT

We shall now describe the use of the bent waveguide as
an atom diode. The aim of an atom diode is to let an atom
incident in the higher valley (H ) in the vibrational ground
state be transmitted to the lower valley (L) ending up in the
vibrational ground state of the lower valley. On the other hand
if the atom is incident in the lower valley, it should be reflected

back to the lower valley. This diodic behavior should be valid
for a broad range of incident velocities of the atom.
The stable plateaus for full transmission and reflection and
the asymmetry for forward and backward motion from the
ground transverse states are prerequisites for a diode but not
enough. By time-reversal invariance, a vibrationally excited
atom in L may pass to H . The setting could thus not work as
a diode, or, with a cap added in the lower valley, as a trap for
the atoms that have moved forward into L.
A real diodic or “one-way” barrier effect is achieved by
complementing the above features with vibrational cooling in
a region of the lower valley. Several cooling mechanisms have
been demonstrated or proposed for neutral atoms in tight traps:
Tuchendler et al. [30] have cooled single 87 Rb atoms in the
tight-confining directions of a strongly focused dipole trap with
optical molasses; sideband cooling has been demonstrated for
alkali-earth atoms [31] using a “magic wavelength” light-shift
compensating technique [32], and for Cs atoms by means of
two-photon Raman transitions in 1D [33], 2D [34], and 3D
[35] far-detuned optical lattices; radio-frequency- (rf-) induced
Sisyphus cooling has been also realized for 87 Rb [36]. We
shall not model in detail any of these methods here but simply
assume that vibrational cooling is performed.
As a precondition, we want vibrationally cooled atoms
to cross forward, from higher to lower valley (H → L)
but vibrationally cooled atoms should not cross backward
(L → H ). Figures 6(a) and 6(b) and 7(a) and 7(b) show
that the device presents a range of velocities fulfilling this
requirement. Furthermore, the device presents a range of total
energies where full forward transmission and full backward
reflection coincide; see Figs. 6(c) and 7(c). [These figures are
combinations of Figs. 6(a) and 6(b) or 7(a) and 7(b) where
the reflection information is now represented by 1 − PR .] This
range is limited by the lower bound of full transmission and
the higher bound of full reflection and can be modified as
explained before.
In addition, we include vibrational cooling so that atoms
sent backward from the lower valley vibrationally excited,
or atoms that have been transmitted from H to L and are
reflected back (e.g., bounced by a cap in the lower valley),
remain trapped in it. Without vibrational cooling, the atom that
enters into the lower valley will generally become vibrationally
excited. In the ideal case of cooling down to the ground state,
n# → 0# , keeping the same kinetic energy K # , the backward
passage to the higher valley is energetically forbidden if
K # + V0# < V0 + (, or using Eq. (6) and replacing Vn# by &V # ',
&V # ' > K (V0# is neglected). In fact, the backward passage
will not occur even at higher kinetic energies because of
the 2D reflection effect described in the previous section.
To determine if backward reflection is possible for a given
incident K, we need the forward transmission and backward
reflection velocity intervals of Figs. 6(c) and 7(c), and the
dependence &V # '(K). After perfect vibrational cooling the
backward energy is
K # + V0# = K + ( + V0 − &V # ' + V0# .

(8)

We may now check the value of PR (0# ) for this energy to see if
the atoms are reflected back into the lower valley. We have done
this for the edge points of the total-transmission interval and
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the result is represented by the arrows in Figs. 6(c) and 7(c).
Note that for the 45◦ case in Fig. 6(c), the high velocity edge
of full forward transmission does not correspond to backward
reflection. This may be remedied by increasing the range of
full reflection with a larger θ angle. For a lower valley as deep
as the trap in [30] and θ = 60◦ [see Fig. 7(c)], a broad stable
operating range for trapping is achieved, where the full range
of forward passage corresponds, after transverse cooling, to
full reflection in the backward direction.
VI. CONCLUSIONS

Guided atom lasers in the ground state of the transverse
confinement have been recently realized [3–5] and more
complicated settings are being considered, in particular, with
crossed beams, following similar developments in magnetic
waveguides that may pave the way to new interferometers,
atom integrated circuits, and analogs of electronic devices
[37,38].
In this work we have explored a realization of straight angle
bends in asymmetrical optical waveguides for cold atoms, with
two red- and one blue-detuned lasers. We have studied and
optimized the forward motion. Moreover, we have examined
the backward motion for which, even when the passage is
energetically allowed, a vibrationally unexcited atom does not
find easily the lateral gate to the higher valley. Thus, for a
range of energies above the energy threshold, the atom is still
reflected into the lower valley. We have shown that in general
classical trajectory simulations are a useful and accurate tool
to examine the main properties of the device.
Moreover, we have proposed the use of this geometry,
combined with vibrational cooling, to implement a diodic
(one-way) device. Indeed, the transmission and reflection
probabilities of the bent waveguide offer the stability with
respect to incident velocity required for an efficient diode. The
different elements of the proposed device have been already
implemented separately, and the remaining technical challenge
is their combination into a single device.
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To mimic the scattering at fixed longitudinal and vibrational
energies we consider an ensemble average set as follows: we
take first a classical reference particle moving periodically in
the transversal direction of the higher valley with the same
transverse energy as the quantum state. To run an even number
N of trajectories the period of this reference particle is divided
into N equal time segments [ti ,ti+1 ] and the N values of ti
set the initial transverse conditions for the trajectories of the
ensemble. For the longitudinal motion we simply impart to the
trajectories the longitudinal momentum p.
APPENDIX B: SPLIT-OPERATOR METHOD

Given the time-dependent Schrödinger equation with
Hamiltonian,
p̂x2 + p̂y2
p̂2
+ Û =
+ Ũ (X̂,Ŷ ),
(B1)
2m
2m
the split-operator method (SOM) approximates the evolution
operator as
Ĥ =

p̂2

mÿ = −

∂ Ũ (x,y)
,
∂y

(B2)

1. Discretization and experimental setting

The validity of the discretization approximation requires
[39,40]
Qx
(x
1
<
<
,
nx
Lx
4π Qx
h̄π
,
pm,x <
dx
h̄
h̄
dt *
,
,
Tmax Umax

(B3)
(B4)
(B5)

where Qx is a quality factor which takes into account the
number of the lattice points that represent the wave function
in coordinate and momentum representations, Lx and nx
are the lattice length, and the number of divisions, and dx
and dt are the space and time steps. (x and pm are the
minimal spatial dispersion (usually the one at t = 0) and the
maximum momentum value. Finally Umax is the maximum
potential energy and Kmax is the maximum kinetic energy
2
pm,x
. For the y direction we
during the simulation, Kmax,x < 2m
have similar conditions. In all calculations we set Q ! 15.
Other parameters are nx = ny = 4096.
2. Stationary transmission amplitudes from
wave-packet computations

Classical trajectories are a useful tool to explore the effect of
varying parameters faster than the quantum computation. They
also provide physical insight. We solve Newton’s equations,
∂ Ũ (x,y)
,
∂x

p̂2

The resulting integrals are easily solved using the fast Fourier
transform (FFT) technique [39].

APPENDIX A: CLASSICAL DYNAMICS

mẍ = −

p̂2

e−it( 2m +Û)/h̄ ≈ e−it( 4m )/h̄ e−it Û/h̄ e−it( 4m )/h̄ .

(A1)

where Ũ (x,y) = Ũ + Ũ # + Ũb are given in Eqs. (1)–(3),
transformed into a system of four equations with a fourth-order
Runge-Kutta method.

We write the transmitted wave-packet state as
$% ∞
#T (x,y,t) =
dp vn# (x)e−iVn# t/h̄
n#

−∞

e−iqn# y/h̄
2
(B6)
φ(p)e−iqn# t/2mh̄ ,
√
h
where p is the incident, longitudinal momentum of the atoms
in the higher valley, qn# = [p2 + 2m(V0 + ( − Vn# )]1/2 is the
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× T0n# (p)
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longitudinal momentum for the vibrational state n# , vn# (x) =
&x|vn# ' is the amplitude of a lower valley vibrational state, and
φ(p) = &p|ψ(x,0)' is the initial momentum distribution of the
wave function given by Eq. (5). Finally the transmitted wave
function is projected onto one particular eigenstate vn# (x),
% ∞
&
1
#
&vn |#T (x,y,t)' = √
dp T0n# (p)φ(p)
h −∞
q 2#
'
n
× e−iqn# y/h̄ e−it( 2m +Vn# )/h̄ .
(B7)
Defining the inverse Fourier transform as
% ∞
1
ω̃n# (E) = √
dt &vn# |#T (x,y,t)'eiEt/h̄ ,
h −∞

(B8)
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