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Abstract – The scattering of 1D matter wave bright solitons on attractive potentials enables
one to populate bound states, a feature impossible with noninteracting wave packets. Compared
to noninteracting states, the populated states are renormalized by the attractive interactions
between atoms and keep the same topology. This renormalization can even transform a virtual
state into a bound state. By switching oﬀ adiabatically the interactions, the trapped wave packets
converge towards the true noninteracting bound states. Our numerical studies show how such
scattering experiments can reveal and characterize the surface states of a periodic structure whose
translational invariance has been broken. We provide evidence that the corresponding 3D regime
should be accessible with current techniques.
c EPLA, 2016
Copyright ⃝

Introduction. – The development of cold-atom
physics has led to many new advances in the recent past.
In particular, the new field of atom optics using propagative matter waves achieved impressive advances, enabling
to realize with cold atoms many features previously developed in optics, such as quantum reflection, beam splitters
or Bragg reflection on optical lattices [1].
However, an important diﬀerence with optics is that
cold atoms can be prepared in regimes where interaction is important. In this case, the physics of the system in the mean-field approximation is described by the
Gross-Pitaevskii equation [2,3] (a similar equation also appears in nonlinear optics [4]). This equation is nonlinear
contrary to the usual Schrödinger equation. As such, it
possesses for attractive interactions special types of solutions called solitons. In contrast with wave packets of
the usual linear Schrödinger equation which spread with
time, the variance of solitons in free space remains constant. Solitons are known in classical physics in many
contexts, especially fluid mechanics [5–7]. In the field
of dilute Bose-Einstein condensates, they have been predicted theoretically [6–8] and observed experimentally
with rubidium-85 and lithium-7 atoms in various forms:
dark [9], bright [10] and band-gap [11] solitons.
In the present paper, we wish to put forward a useful
aspect of these many-body wave functions. Indeed, the
scattering of solitons can be used to probe virtual and/or

bound states in various potentials through scattering experiments, revealing structures which cannot be observed
with an interaction-free wave packet. Indeed, in manybody wave packets part of the energy corresponds to the
interaction energy and this creates a new freedom which
can be used to populate such states. It has been shown
already theoretically that soliton scattering on some potentials was able to detect and characterize the energy
of some bound states associated to localized defects [12],
square potentials [13], impurity modes [14,15] and lattice
defects [16]. Solitons were also studied as tools for interferometry [17]. Some recent experiments have started
the investigation of the scattering of solitons on short-size
potential wells [18].
In finite-size optical lattices, which are commonly constructed in cold atom experiments, the presence of boundaries at the edge of the potential breaks the translational
invariance and results in the existence of surface states.
They have been characterized and studied in condensed
matter since a long time [19,20], and are of great importance in several areas such as semiconductor physics. In
this paper, we will show how to observe and characterize
such surface states through the scattering of solitons.
First, we present the scattering of a soliton on a single
well. We then extend the results on a collection of identical
wells corresponding to a finite-size lattice potential which
can be easily created by interfering laser beams in cold
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atom experiments, and discuss the observation of surface
states.

(a)

Solitons. – We consider hereafter exclusively bright
solitons described by the following 1D Gross-Pitaevskii
equation for the wave function ψ(x, t):
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Single potential well. – As a first example, we study
in the following the scattering of a soliton on a single well.
We choose as potential the restriction of a sinusoidal optical lattice to a single period:
' πx (
for − d/2 ≤ x ≤ d/2, (3)
U (x) = −U0 cos2
d
whose first derivative is everywhere continuous. For numerical simulations, we use a typical experimental value
d = 0.65 µm corresponding to possible experiments with
rubidium 85. In the absence of interactions, the potential (3) exhibits bound states whose number depends on
2
/(2m) and
the relative depth U0 /ER with ER = h̄2 kR
kR = 2π/d. For noninteracting wave packets, such bound
states cannot be populated in a scattering experiment.
Only indirect signatures of virtual or/and bound states
exist, e.g., scattering resonances and even zero-energy resonances [21], or the transparency eﬀect commonly referred
to as the Ramsauer-Townsend eﬀect.
Scattering of an interacting wave packet on such a
potential cannot be described as usual through asymptotic distributions at large distances since trapping is
also present. This is illustrated by our numerical simulations presented in fig. 1, where a soliton of mean velocity v̄ launched from the left splits into three parts in
the course of the scattering. For t < 36 ms, the reflected
part moves to the left and expands, indicating that the
corresponding density has no solitonic character, the interaction energy being too small to compensate for the
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Interactions between atoms are accounted for by the interaction strength g1D = 2ah̄ω, N is the number of atoms,
a < 0 the scattering length, and ω accounts for the transverse trap frequency in the 3D to 1D reduction of dimensionality where a is the 3D scattering length. In a purely
1D view, g1D has to keep the homogeneity of an energy
times a length.
This nonlinear equation admits stable solutions in free
space called solitons, of the form (for a soliton started at
t = 0 and x = 0 with mean velocity v̄)
%
$ mv̄
#
N |a| exp i 2h̄ (2x + (v̄ − N aω)t)
!
"
,
(2)
ψ(x, t) =
N |a|
2σ 2
cosh
(x
−
v̄t)
σ2
&
with σ = h̄/mω. The variance of the soliton is independent of time [7], contrary to the case of noninteracting
wave packets.

v̄

x[µm]
Fig. 1: (Color online) (a) Scattering of a soliton (blue/gray
curve) of mean velocity v̄ onto the potential well (3) (black).
(b) Scattering of a soliton of v̄ = 0.3vR (where vR = h̄kR /m)
and N |a| = 4.5 × 10−5 m, onto potential (3) of depth U0 =
0.5ER . The density is plotted as a function of time in log
scale to enhance the contrast. Interactions are adiabatically
switched oﬀ from t = 36 ms (see text).

kinetic energy. Another part is transmitted and propagates without spreading, indicating that another soliton
has been formed with a fraction of the original atoms. At
last, a significant fraction of the atoms remains trapped
for a long time in the potential well.
In order to separate these three parts, we consider the
wave function probability of presence in three diﬀerent
) d/2
) −d/2
zones: R(t) = −∞ dx|ψ(x)|2 , C(t) = −d/2 dx|ψ(x)|2
)∞
and T (t) = d/2 dx|ψ(x)|2 . In this way, for suﬃciently
long times R(t) will contain only the reflected part, T (t)
the transmitted part, and C(t) the fraction of atoms which
remains confined in the potential after the scattering.
Figure 2(a) shows the trapped part of the probability
for long time as a function of the number of atoms N and
the potential depth U0 . Depending on these parameters,
this trapped part can vary over a large span of values,
with thresholds that appear for certain critical values of
the potential depth. The threshold values are related to
the appearance of a bound states inside the well. The
bound states keep the topology (number of nodes) of their
interaction-free counterpart but are renormalized by the
attractive interactions. The threshold values observed for
populating renormalized bound states are thus below the
values corresponding to the appearance of a bound state
without interaction (see fig. 2(b)). A remarkable consequence of such a renormalization lies therefore in the possibility of populating virtual states whose energy are slightly
positive and become negative as a result of the dressing of
the state by the attractive interactions.
With the use of the Feshbach resonance such as in the
case of lithium-7 atoms [3], it is possible to cancel out the
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Fig. 2: (Color online) (a) Proportion C(t) of atoms in the
potential well area for large t values after scattering of a soliton
of initial velocity v = 0.3vR and N atoms as a function of the
potential depth U0 . (b) Density plot for N |a| = 4.5 × 10−5 m
inside the potential well for long time (but before the switchingoﬀ of the interaction). The black dashed lines represent the
values for which a new bound state appears in the absence
of interaction. Note that in the presence of interaction the
populated bound states are below the interaction-free ones,
but keep their topology.

interactions. We implement this process in our simulations by switching oﬀ the interactions in τswitch = 1 ms
from t = 36 ms. This duration has been chosen to ensure
an adiabatic switching oﬀ of the interactions. Indeed, to
populate a bound state in a 1D well of size d, the energy
of the soliton should be on the order of the energy of the
bound state Ebound ∼ h̄2 /2md2 . Parameters have thus
been chosen so that τswitch ≫ h̄/Ebound ∼ 30 µs. As a
result, a fraction of the wave function leaves the potential well, but some atoms remain in the well for long time
(see fig. 1 and inset of fig. 3). This trapped part coincides
with the noninteracting bound state of the potential well
(fig. 3). For the specific example we are considering, it is
possible to populate each bound state state by state. This
occurs because the energy diﬀerence between two adjacent bound states remains large compared to the negative
energy stored in the interactions.
Finite-size lattice: surface states. – In this section,
we study the scattering of a soliton on a finite-size lattice.

Fig. 3: (Color online) Atomic density at t = 50 ms inside the
potential well (after the switching oﬀ of interactions) from the
numerical dynamics (light blue/gray solid line), compared to
the (normalized to one) square modulus of the fundamental
eigenstate of the well with interaction and thus a smaller width
(magenta/gray) and the one without interaction (black line).
The dashed blue line which is perfectly superimposed to the
black line corresponds to the numerical trapped distribution
once renormalized to unity. The inset plot represents the variation of the part of the density inside the potential well C(t)
as a function of time. The switching oﬀ of the interactions
yields a small decrease of the trapped fraction. Interacting
bound states were calculated using the split operator method
in imaginary time.

Such a lattice can be produced by interfering two mutually coherent laser beams. We first consider the following
periodic potential with a square envelope (see fig. 4(a)):
(
%
$
' πx
+ ϕ E(x) − Υ ,
(4)
U (x) = −U0 sin2
d
1
E(x) = [H (x) + H (N d − x)] ,
2
where H(x) is the Heaviside step function, N the number
of sites (wells of size d) and Υ is an additional oﬀset term.
In infinite periodic potentials, Bloch theory states that
the eigenvalues are grouped into bands separated by gaps
and correspond to extended states. However, for finitesize systems such as (4) additional states appear that are
localized at the potential edges. Contrary to the generalization of Bloch states to such finite-size lattices, which
are exponentially decreasing but only outside the lattice,
the surface states decrease exponentially on both sides of
the potential edge. In the limit of shallow potentials (small
U0 /ER ) they have been characterized in [19] and are called
Shockley states, whereas in the limit of deep potentials
(large U0 /ER ) they have been described in [20] and are
called Tamm states. Both states are bound states and appear inside the gaps separating the bands of Bloch states.
At positive energy, other analogous states appear as resonances. These three kind of surface states are illustrated
in fig. 4.
In our numerical experiment, we launch a soliton on
potential (4). We observe a great variety of behaviors
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Fig. 4: (a) Schematic representation of the potential (4).
(b) Eigenvalues of the Hamiltonian for a single particle in the
potential (4) as the function of the potential depth. (T) denotes a Tamm surface state, (R) a resonant surface state, and
(S) a Schockley surface state.

depending on the soliton total energy and the depth of
the potential: the wave packet can be reflected, transmitted across the lattice, or trapped at the boundary. As
previously, we relate these behaviors to the presence or
absence of bound states which can trap the soliton at a
given energy. We thus expect that if a surface state is
present the soliton can be trapped at the potential edge.
Such a phenomenon is visible in fig. 5(a). After scattering of the soliton on the finite-size lattice potential, part
of the wave packet is reflected, part is transmitted, but a
substantial fraction of the atoms remain trapped at the
potential edge for long time. In order to confirm that the
trapped part corresponds to a true surface state, we adiabatically switch oﬀ the interactions at t = tprop = 150 ms
(see footnote 1 ). The result is shown in fig. 5(b): the final
wave function on the potential edge coincides exactly with
the left half of a true surface state, with exponential decrease of the envelope on both sides of the potential edge.
The envelope of potential (4) has two discontinuities.
To validate the experimental feasibility of our study, it
is worth exploring how the preceding results are modified
when the discontinuities are smoothened over a length ς
(see fig. 6(a)):
"*
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Fig. 5: (Color online) (a) Scattering of a soliton of mean
velocity v̄ = 0.1vR with N |a| = 3. × 10−5 m onto the potential (4) of depth U0 = 0.5ER . The density of gray represents the logarithm of density of atoms as a function of the
position and time. Interactions are switched oﬀ adiabatically
at tprop = 150 ms. (b) Final density distribution of atoms at
tfin = 1 s (magenta/gray line) compared to the corresponding noninteracting surface state for the same potential (black
curve).

the gap. When ς increases, this particular state remains
unchanged, but more and more additional surface states
leave the bands and go inside the gap. This confirms the
existence of surface states for a periodic potential with a
smooth envelope.
We have numerically simulated the scattering of a soliton on such a potential. Reflected and transmitted waves
are still present and a substantial part of the atoms remains trapped. A closer look to the trapped part reveals
the presence of a beating pattern (see fig. 7). Indeed, the
presence of several surface states with small energy differences in the gap makes the trapping of the atoms in a
superposition of surface states possible. The frequency of
this beating pattern is directly related to the energy diﬀerence between the surface states populated, and allows to
realize a direct spectroscopy of these states. We note that
the topology (number of nodes) of the states are preserved
The corresponding energy spectrum is shown on
after free expansion and can be observed in time-of-flight
fig. 6(b). One recovers the results of the preceding paraexperiments.
graphs for ς → 0: a single bound surface state is visible in
Experimental feasability. – The experimental imple1 The depth of the potential has also been lowered in order to
mentation
requires the transposition of the ideas presented
induce a fast disappearance of the components of the wave packets
that are contaminated by the extended states.
here in a 3D situation. Let us work out a simple
20010-p4
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Fig. 6: (a) Schematic representation of the potential (5).
(b) Energy levels distribution for this potential as a function
of the smoothing parameter ς, for a depth of 2ER .
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Fig. 7: Density at the potential edge of (5), where surface
states are maximal and after the adiabatic switching oﬀ of interactions at t = 150 ms. Parameters: soliton with N |a| =
3. × 10−5 m, mean velocity v̄ = 0.27vR , potential (5) of depth
U0 = 5ER and smoothing length ς = 2d (the density is in
logscale).

energetic argument to provide a suﬃcient condition to
populate a bound state (energy Ebound < 0). Consider
an incoming soliton of mean velocity v̄ and scattering
length a < 0, made of N atoms with therefore an energy EI = N mv̄ 2 /2 + S0 ω 2 N 3 with S0 = −ma2 /6.
We assume that after the scattering (N − N ′ ) atoms
populate the bound state: they have an energy ET =
2
(N −N ′ )3 , where ωbound charac(N −N ′ )Ebound +S0 ωbound
terizes the bound state. The N ′ other atoms are assumed
to fly away from the scattering region with a velocity ±v̄
and an extra internal energy ∆E. Their energy therefore reads (N ′ mv̄ 2 /2 + ∆E). By energy conservation,
∆E = EI − ET − N ′ mv̄ 2 /2. For ∆E < 0, we shall
assume that the soliton exists even in an excited state
(see for instance the breathing mode in fig. 1). This
constitutes our simple condition for loading atoms in the
bound state. We propose in the following to work out

quantitatively a concrete example using the potential (3)
with a depth U0 = ER = h2 /2md2 and a soliton width satisfying N |a| = a0 /2 i.e. the 3D stability criterion. Results
are summarized in fig. 8. We observe a threshold value of
d above which the soliton starts to populate te trap. For
d < 3a0 , the remaining part of the soliton is reflected (similarly to the quantum reflection phenomenon). For larger
values a transmission is observed and an increasing number of atoms is trapped. The energetic argument described
above is in rather good agreement with simulations. For
large value of d, we expect that the soliton follows “adiabatically” the potential and does not populate the bound
state. Simulations show that the transition between those
two regimes occurs in a rather sharp manner. Those results are generic.
Conclusion. – In this paper, we have shown that the
scattering of solitonic wave packets built from interacting atoms can be used to probe and populate virtual
and/or bound states of potentials, which could not be
performed in the absence of interactions. We have shown
that in the case of a single-well potential, it is possible
to detect the bound states of the potential and to trap
a fraction of the atoms in the well for specific values of
the potential depth. The threshold where the interacting
atoms are trapped appears below the bound-state energy
for noninteracting atoms. The adiabatic switching oﬀ of
the interaction enables one to make the density converge
to the correct noninteracting bound state, starting from
interacting atoms.
These results can be extended to the case of surface
states appearing at the potential edge of a finite-size optical lattice. In the experimentally relevant case of a slowly
varying envelope, where we have shown that many surface
states are present, it is possible to trap the atoms on a superposition of surface states and use the beating pattern
of the wave function to perform a spectroscopy of these
states.
Our study has been carried out in the framework of the
Gross-Pitaevskii equation. An extension to a complete
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quantum treatment is a priori necessary to confirm quantitatively our predictions [22–24]. The scattering of solitons is a versatile tool to probe the structure of potentials;
the imaging of the wave function allows to obtain spectroscopic information as well as density information, on both
interacting or noninteracting bound states. These eﬀects
are at reach with current experimental technique.
[10]
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Guéry-Odelin D., Phys. Rev. Lett., 107 (2011) 230401;
Cheiney P., Damon F., Condon G., Georgeot B. and
Guéry-Odelin D., EPL, 103 (2013) 50006.
[2] Dalfovo F., Giorgini S., Pitaevskii L. P. and
Stringari S., Rev. Mod. Phys., 71 (1999) 463.
[3] Cohen-Tannoudji C. and Guéry-Odelin D., Advances
in Atomic Physics (World Scientific) 2011.
[4] Gordon J. P., Opt. Lett., 8 (1983) 596; Boyd R. W.,
Nonlinear Optics (Academic Press) 2008.
[5] Korteweg D. J. and de Vries G., Philos. Mag., 39
(1895) 422.
[6] Zakharov V. E. and Shabat A. B., Sov. Phys. JETP,
34 (1972) 62; Zh. Eksp. Teor. Fiz., 61 (1971) 118.
[7] Kivshar Y. S. and Malomed B. A., Rev. Mod. Phys.,
61 (1989) 763.
[8] Tracy E. R. and Chen H. H., Phys. Rev. A, 37 (1988)
815; Benvenuto F., Casati G., Pikovsky A. S. and
Shepelyansky D. L., Phys. Rev. A, 44 (1991) 3423(R);
Martin J., Georgeot B. and Shepelyansky D. L.,
Phys. Rev. Lett., 101 (2008) 074102.
[9] Burger S., Bongs K., Dettmer S., Ertmer W.,
Sengstock K., Sanpera A., Shlyapnikov G. V. and
Lewenstein M., Phys. Rev. Lett., 83 (1999) 5198;

[12]
[13]

[14]
[15]
[16]
[17]

[18]

[19]
[20]
[21]

[22]
[23]
[24]

20010-p6

Denschlag J., Simsarian J. E., Feder D. L., Clark
Charles W., Collins L. A., Cubizolles J., Deng L.,
Hagley E. W., Helmerson K., Reinhardt W. P.,
Rolston S. L., Schneider B. I. and Phillips W. D.,
Science, 287 (2000) 98; Anderson B. P., Haljan P.
C., Regal C. A., Feder D. L., Collins L. A., Clark
C. W. and Cornell E. A., Phys. Rev. Lett., 86 (2001)
2926.
Strecker K. E., Partridge G. B., Truscott A. G.
and Hulet R. G., Nature, 417 (2002) 150; Khaykovich
L., Schreck F., Ferrari G., Bourdel T., Cubizolles
J., Carr L. D., Castin Y. and Salomon C., Science,
296 (2002) 1290; Cornish S. L., Thompson S. T. and
Wieman C. E., Phys. Rev. Lett., 96 (2006) 17040; Medley P., Minar M. A., Cizek N. C., Berryrieser
D. and Kasevich M. A., Phys. Rev. Lett., 112 (2014)
060401; Nguyen J. H. V., Dyke P., Luo D., Malomed
B. A. and Hulet R. G., Nat. Phys., 10 (2014) 918.
Eiermann B., Anker Th., Albiez M., Taglieber M.,
Treutlein P., Marzlin K.-P. and Oberthaler M. K.,
Phys. Rev. Lett., 92 (2004) 230401.
Stoychev K. T., Primatarowa M. T. and Kamburova R. S., Phys. Rev. E, 70 (2004) 066622.
Ernst T. and Brand J., Phys. Rev. A, 81 (2010) 033614;
Belyaeva T. L. and Serkin V. N., Eur. Phys. J. D, 66
(2012) 153.
Iizuka T., Amie H., Hasegawa T. and Matsuoka C.,
Phys. Lett. A, 220 (1996) 97.
Brazhnyi V. A. and Salerno M., Phys. Rev. A, 83
(2011) 053616.
Goodman R. H., Holmes P. J. and Weinstein M. I.,
Physica D, 192 (2004) 215.
McDonald G., Kuhn C., Hardman K., Bennetts S.,
Everitt P., Debs Altin J., Close J. and Robins N.,
Phys. Rev. Lett., 113 (2014) 1.
Marchant A. L., Billam T. P., Yu M. M. H., Rakonjac A., Helm J. L., Polo J., Weiss C., Gardiner
S. A. and Cornish S. L., Phys. Rev. A, 93 (2016)
021604(R).
Shockley W., Phys. Rev., 57 (1939) 317.
Tamm I., Phys. Z. Sowjetunion, 1 (1932) 733.
Arndt M., Ben Dahan M., Guéry-Odelin D.,
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